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Abstract 

First we provide a simple set of sufficient conditions for the weak convergence of scaled affmc 
processes with state space R+ x M d . We specialize our result to one-dimensional continuous state 
branching processes with immigration. As an application, we study the asymptotic behavior of 
least squares estimators of some parameters of a two-dimensional critical affinc diffusion process. 



1 Introduction 



In recent years quickly growing interest in pricing of credit-risky securities (e.g., defaultable bonds) 
has been seen in the mathematical finance literature. One of the basic models (for applications see 
for instance Chen and Joslin (§]) is the following two-dimensional affine diffusion process: 

, . (dY t = (a-bY t )dt + VY t dW t , 

(1.1 < t>0, 

{dX t = (m-eX t )dt + VY t dB t , 

where a, b, and m are real parameters such that a ^ and B and W are independent 
standard Wiener processes. Note that Y is a Cox-Ingersol-Ross (CIR) process. For practical use, it 
is important to estimate the appearing parameters from some discretely observed real data set. In the 
case of the one-dimensional CIR process, the parameter estimation of a and b goes back to Overbeck 
and Ryden |30] , Overbeck [31] , and see also the very recent papers of Ben Alaya and Kebaier [5] , [6] . 

The process (Y, X) given by (jl.ip is a very special affine process. The set of affine processes 
contains a large class of important Markov processes such as continuous state branching processes and 
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Orstein-Uhlenbeck processes. Further, a lot of models in financial mathematics are also special afhne 
processes such as the Heston model |17j . the model due to Barndorff-Nielsen and Shephard [1] or the 
model due to Carr and Wu [7]. A precise mathematical formulation and complete characterization of 
regular afhne processes are due to Dufhe et al. jllj . Later several authors have contributed to the 
study of properties of general afhne processes: to name a few, Andersen and Piterbarg pQ (moment 
explosions in stochastic volatility models), Dawson and Li [TU] (jump-type SDE representation for 
two-dimensional afhne processes), Filipovic and Mayerhofer [13] (applications to the pricing of bond 
and stock options), Glasserman and Kim [15] (the range of hnite exponential moments and the con- 
vergence to stationarity in afhne diffusion models), Jena et al. [23] (long-term and blow-up behaviors 
of exponential moments in multi-dimensional afhne diffusions), Keller- Ressel et al. [25], [26| (stochas- 
tically continuous, time-homogeneous afhne processes with state space R™ x R d or more general ones 
are regular). We also refer to the overview articles Cuchiero et al. [9] and Friz and Keller- Ressel |14j . 

To the best knowledge of the authors the parameter estimation problem for multi-dimensional afhne 
processes has not been tackled so far. Since afhne processes are being used in financial mathematics 
very frequently, the question of parameter estimation for them is of high importance. Our aim is to 
start the discussion with a simple non-trivial example: the two-dimensional afhne diffusion process 
given by (jl.ljl . 

The article is divided into two parts and there are two appendices. In Section [2] we recall some 
notations, the dehnition of afhne processes and some of their basic properties, and then a simple 
set of sufficient conditions for the weak convergence of scaled afhne processes is presented. Roughly 
speaking, given a family of afhne processes (yW(t),XW(t))t>o, 9 > 0, such that the correspond- 
ing admissible parameters converge in an appropriate way (see Theorem I2.2|) , the scaled processes 
(9~ 1 (Y( e \9t), X^(6t)^ t>Q , 9 > 0, converge weakly towards an afhne diffusion process as 9 — > oo. 
We specialize our result for one-dimensional continuous state branching processes with immigration 
which generalizes Theorem 2.3 in Huang et al. |20j. The scaling Theorem 12.21 is proved for quite 
general afhne processes since it might have applications elsewhere later on. In Section [3] the scaling 
Theorem l2.2l is applied to study the asymptotic behavior of least squares and conditional least squares 
estimators of some parameters of a critical two-dimensional afhne diffusion process given by (jl.ip . see 
Theorems 13.11 [3721 and [3T3l In Appendix [A] we check that some integrals in the form of the infinitesimal 
generator of an afhne process that we use are well-defined. Appendix [B] is devoted to show that the 
least squares estimator of m cannot be asymptotically weakly consistent. 

2 A scaling theorem for affine processes 

Let N, Z+, R, R+, R_, R++, and C denote the sets of positive integers, non- negative 
integers, real numbers, non-negative real numbers, non-positive real numbers, positive real numbers 
and complex numbers, respectively. For x,y S R, we will use the notations x A y := min(x,y) 
and x V y := max(x,y). For x,y £ C fc , k € N, we write {x,y) := Y^i=i x iVi (notice that 
this is not the scalar product on C fc , however for x E C k and y £ R fc , (x,y) coincides with 
the usual scalar product of x and y). By ||z|| and \\A\\ we denote the Euclidean norm of a 
vector x S R p and the induced matrix norm of a matrix A £ R pxp , respectively. Further, let 
U := { Zl + iz 2 : zi G M_, z 2 G R} x (iR d ). By C 6 2 (R+ x R d ) (C C °°(R + x R d )) we denote the set 
of twice (infinitely) continuously differentiable complex-valued functions on R + x R rf with compact 
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support. The set of cadlag functions from R + to R+ x R d will be denoted by D(IR + ,M + x R d ). 
For a bounded function g : R + x R d — > R p , let ||g||oo := suPxeR+xR^ 

Next we briefly recall the definition of affine processes with state space ffi+ x R d based on Duffie 
et al. [TTJ. 

2.1 Definition. A transition semigroup (Pt)teR+ with state space R+ x R d is called a (general) 
affine semigroup if its characteristic function has the representation 



(2.1) f e {u ^P t (x,d£) = e {x '^ t ' u 

JTS. + xR d 



,u))+$(t,u) x G m, x i d , ueU, te 



where ip(t, •) = (ipi{t, •)> ip2(t, •)) ^ ^ x ^ d is a continuous C 1+d -valued function on U and (f>(t,-) 
is a continuous C-valued function on U satisfying (f>(t,0) = 0. The affine semigroup (Pt)tes. + 
defined by (|2.ip is called regular if it is stochastically continuous (equivalently, for all u G U, the 
functions R+ 9 t h> ty(t,u) and M+ 3 t h-> (j)(t,u) are continuous) and diip(0,u) and di<fi(0,u) 
exist for all u£U and are continuous at u = (where d\tp and d\4> denote the partial derivatives 
of ifj and <j), respectively, with respect to the first variable). 

2.1 Remark. We call the attention that Duffie et al. [11] in their Definition 2.1 assume only that 
Equation fl2ZE]) hold for x £ R+ x R d , u £ dU = iR 1+d , t £ R + , i.e., instead of u G U they only 
require that u should be an element of the boundary dU of U. However, by Proposition 6.4 in 
Duffie et al. [llj . one can formulate the definition of a regular affine process as we did. Note also that 
this kind of definition was already given by Dawson and Li [101 Definitions 2.1 and 3.3]. Finally, we 
remark that every stochastically continuous affine semigroup is regular due to Keller-Ressel et al. \25\ 
Theorem 5.1]. □ 

2.2 Definition. A set of parameters (a,a,b, /3,m, fj,) is called admissible if 

(i) a = {0'i,j)\ J jZ.i ^ lR( 1+d ) x ( 1+Q! ) is a symmetric positive semidefinite matrix with a\ t \ = (hence 
ai,k = a k,\ =0 for all k £ {2, . . . , 1 + d}), 



(ii) a = {ctij)Yj =1 G R( 1+d ) x ( 1+ci ) is a symmetric positive semidefinite matrix, 

(iii) b = {bi)\tt G R+ x R d , 

(iv) = (ft^Hfi G RMxM with P hj = for all j G {2, . . . , 1 + d}, 

(v) m(d£) = m(d£i,d£2) is a a-finite measure on R + x R d supported by (R + x R d ) \ {(0,0)} 
such that 

[Cl + (11611 A||6|| 2 )] m(dO <oo, 



/ 



(vi) fi(d£) = n(d£i, dfa) is a a-finite measure on R + x R d supported by (R+ x R d ) \ {(0, 0)} such 
that 

A ||e||V(d0 < oo. 
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2.2 Remark. Note that our Definition 12.21 of the set of admissible parameters is not so general as 
Definition 2.6 in Duffie et al. [11]. Firstly, the set of admissible parameters is defined only for affine 
process with state space R+ x R d , while Duffie et al. [11] consider affine processes with state space 
IR™ x R d . We restrict ourselves to this special case, since our scaling Theorem 12.21 is valid only in this 
case. Secondly, our conditions (v) and (vi) of Definition 12.21 are stronger than that of (2.10) and (2.11) 
of c. Thirdly, according to our definition, a set of admissible parameters does not contain parameters 
corresponding to killing, while in Definition 2.6 in Duffie et al. |llj such parameters are included. Our 
definition of admissible parameters can be considered as a (1 + (i)-dimensional version of Definition 
6.1 in Dawson and Li [ID]. The reason for this definition is to have a more pleasant form of the 
infinitesimal generator of an affine process compared to that of Duffie et al. |lll formula (2.12)]. For 
more details, see Remark 12.31 □ 



2.1 Theorem. (Duffie et al. Theorem 2.7]) Let (a, a, b, (3, m, /i) be a set of admissible param- 
eters. Then there exists a unique regular affine semigroup (Pt)tei&+ with infinitesimal generator 

l+d 

(Af)(x) = (ay + aijx^fl'^x) + (f'(x),b + fix) 

(2.2) 



+ / (f(x + 0-f(x)-(f[ 2) (x),C2))m(dO 



+ / (/(* + £) - fix) - </'(x), 0)*1 Md£) 

for x = (x 1 ,x 2 ) eR + xR d and f G C C 2 (R+ x R d ), where f[, i € {1, . . . , 1 + 4, and f!'j, 
i,j € {1, . . . , 1 + d}, denote the first and second order partial derivatives of f with respect to its i-th 
and i-th and j-th variables, and f'(x) := (f[ (x), . . . , f[ +d {x)) T , f' {2) {x):=(f2{x),...,f[ +d (x)) T . 
Further, C~(M+ x R d ) is a core of A. 



2.3 Remark. Note that the form of the infinitesimal generator A in Theorem l2.1l is slightly different 
from the one given in (2.12) in Duffie et al. [111. Our formula (|2,2p is in the spirit of Dawson and Li 
\10\ formula (6.5)]. On the one hand, the point is that under the conditions (v) and (vi) of Definition 
2.21 one can rewrite (2.12) in Duffie et al. [H] into the form (12. 2p . by changing the 2-nd, . . ., (l + d)-th 
coordinates of b € R + x R d and the first column of /3 € M( 1 + rf ) x ( 1 + d ) 5 respectively, in appropriate 
ways (see Appendix [A}. To see this, it is enough to check that the integrals in ()2.2[) are well-defined 
(i.e., elements of C) under the conditions (v) and (vi) of Definition 12.21 For further details, see 
also Appendix [Aj On the other hand, the killing rate (see page 995 in Duffie et al. [IT]) of the affine 
semigroup (Pt)teHL+ m Theorem 12.11 is identically zero. This also implies that the affine processes 
that we will consider later on will have lifetime infinity. □ 



2.4 Remark. In dimension 2 (i.e., if d = 1), by Theorem 6.2 in Dawson and Li [ID] and Theorem 
2.7 in Duffie et al. [UJ (see also Theorem 12. ip . for an infinitesimal generator A given by (|2.2p 
with d = 1 one can construct a two-dimensional system of jump type SDEs of which there exists a 
pathwise unique strong solution (Y(t),X(t))t^o which is a regular affine Markov process with the 
given infinitesimal generator A. □ 

The next lemma is simple but very useful. 
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2.1 Lemma. Let (Z(t))t^ + be a time-homogeneous Markov process with state space t + xS' i and 
let us denote its infinitesimal generator by Az- Suppose that C 2 (M + xl d ) is a subset of the domain 
of Az- Then for all 6 G R++, the time-homogeneous Markov process (Zg(t)) t ^M. + := (9~ x Z(9t))t^R + 
has infinitesimal generator 

(AzJ)(x) = 9(Azfe)(0x), x£R+xR d , f g C 2 (M+ x R d ), 

where f e (x) := f{9~ l x), x G R + x R d . 

Proof. By definition, the infinitesimal generator of (Zg(t))t^R + takes the form 

{Az /)(x) = lim nf(0- 1 Z(6t))\0- 1 Z(0) = x)- f{x) = Hm 0E(f e (Z(0t)) \ Z(0) = Ox) - 0fg(9x) 



40 t 40 6t 

ftV nfo(Z(t'))\Z(0)=Ox)-fo(6x) 
= ohm = 9{A z fe){9x) 

for all iel + xl d and / G C 2 (]R + x R d ). □ 

2.2 Theorem. For all 9 G R++, let (y( fl ' (t), (t)) tg R + 6e a (1 + d)- dimensional affine process 
with state space IR+ x R d and with admissible parameters (a^ 9 \a^ 9 \b^ , f3^ 9 \m, /x) such that 
additionally 

(2.3) / IICII m(d£) < 00 and [ ||^||V(dO < 00. 

If there exist a, a, /? G K (1+d)x(1+d) , b G R + x M d , and a random vector (Y(0),X(0)) with values 
in R + x R d such that 

0"V)->a, a<*>->a, b, 9(3^^(3, 

9-\YW{0),xW{0)) A (Y(0),X(0)) 

as 9 — >■ 00, t/ien 

(yj e) (t),x^(t)) = (r 1 ^^),^^))) A (y(t),x(i)) teK+ as ^ oo 

in D(R+, x R d ), where (Y(t), X(t))teR + is a (1 + d)- dimensional affine process with state space 
R + x R d and with the set of admissible parameters (a, a, b, f3, 0, 0), where 

5:=a + i/ ^ T /^(d0, 

z ./R + xIR d 

and & = with bi := hi for i G {2, . . . , 1 + d} and 

61 :=&!+/ ei^(de)- 

2.5 Remark, (i) Note that the limit process (Y (t) , X (t))t£R + in Theorem [2?2] has continuous sample 
paths almost surely. However, this is not a big surprise, since in condition (|2.3p of Theorem 12.21 we 
require finite second moment for the measure \x. 
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(ii) Note also that the matrix a G ]j( 1 + Q! ) x ( 1 + rf ) given in Theorem 12.21 is symmetric and positive 
semidefinite, since a is symmetric and positive semidefinite, and for all z G R 1+d , 



+ XJI 



+ XII 



(z T e)V(do^o. 



+ X11 



□ 



Proof of Theorem [221 By Duffie et al. pTJ Theorem 2.7], C£°(R+ x R d ) is a core of the 
infinitesimal generator Ary t x) of the process (Y(t),X(t))t£U + , and hence {(f,A(y,x)f) '■ f £ 



P(^(y iX ))} coincides with the closure of {(f,A(y,x)f) : / G C£°(I 



0}, where P(-4 ( y,x)) 



denotes the domain of see, e.g., Ethier and Kurtz (TSJ page 17]. In other words, the closure 

of {(f,A(y,x)f) '■ f £ x R d )} generates the affine semigroup corresponding to Ary,x)- 

xl d ), we have 



Next we show that for all / € C, 



c °°( 



(2.4) 



lim sup 

e ^°° x&R+xl 



0. 



First note that it is enough to prove (|2.4p for real- valued functions / G C£°(R + x since if ([2 

holds for for real- valued functions /GC™(i+xl <! ), then, by decomposing / into real and imaginary 
parts, the linearity of the infinitesimal generators in question and triangular inequality yield (|2.4|) for 
complex- valued functions / G C£°(R_|_ x R '). Hence in what follows without loss of generality we can 
assume that /eC™(K + xI 

: + x M. d , we have 

• €{1 1 + 

i,j G {!,...,! + d}. 



+ xl ) is real- valued. 
For all / G C~(R+ x R d ), (9 G R++, and x G 

(2-5) (/^(z) = 0- x fUp- x x), 



(fe)i,j{x) -- 
Then, by Lemma EH flg^J and (1231) . 



+ 



/ W-\0x + z))-f{e- x 6x) - (o^fUe-Hx),^))™^) 



S+xR d 
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l+d 

E 

+ 



2 (fl _1 aS5 + oif}x l )f'l J {x) + {f'(x), b& + 
=1 

/ (/(x + e- 1 ?) " /(*) - </(2)(z), e- 1 6))^m(d0 



+ X\ 



(f( x + e-^) - f( x ) - (f(x), 9~ 1 o)9 2 v(dd) 



for / G C£°(R + x R d ) and xel + xl d . Hence, for all x = (x\, X2) G M + x M d , using the triangular 
inequality and that u)| ^ IMIIMI; u,v E M p , we have 

(•^(yW.jfW)/)^) - (^(Y",X)/)(^) 



l+d 



J3 (l* -1 ^ - ay I + lag - ay|xi)|^-(i)| + - &|| + \\9(3 {e) 
=1 

/ (/(* + 9-^) - f(x) - e~ 1 (f(x),0)em(dO 

JR+xR d v 7 

(fix + 9^0 - f(x) - 9- 1 (f'(x),0 - V 2 (f(x)£, 0) 9 2 /i(d£) 



1 ; 1 



+ 



+ Xl 



where 



fix) :- 

Since / G C C °°(1R + x R d ), we have 
sup xi\f" d (x)\ < 00, 



Jl+d,l( x ) 



fl+d,l+d( x ). 



sup \fi[j{x)\ < 00 for all i, j € {1, . . . , 1 + d}, 



sup ||x||||/ (x)\\ < 00, 



sup ||/'(x)|| < 00, 



and hence, by our assumptions, in order to prove (I2.4p it is enough to check that 



(2.6) lim sup 

0— s-oo , 



(/(* + 9~\) - f(x) - 9- 1 (f'ix),0)9mid0 



fix + 9~ l - fix) - 9~ 1 (f'ix),0 - V 2 (/"(x)£, e>) 9 2 M (d£) 



First we consider (|2.6p . Let e G M ++ be fixed. Let us choose an M G K++ such that 



and 



(2.7) lim sup x\ 

9— >QO 



(2.8) 



2||/'||c 



(R+ xM d )\([0,M] x [— M,M] d ) 



||e||m(dO< 



In what follows, for abbreviation, [0, M] x [— M, M] d will be denoted by Dm- Such an M can be 
chosen, since / G C£°(IR + xIR d ) yields ||/'||oo < oo and, by assumption (|2.3p . J K+xR[ i ||£||m(d£) < oo. 
By Taylor's theorem, for all 6 G x G M + x M. d and £ G there exists some r = t(6, x,£) G 

[0, 1] such that 

(2.9) f{x + e-\) - f(x) = (fix + rVo, _1 e>. 

Then 

/ (fix + ff-^) " /(*) - 9- 1 (f'ix),o)0midO 

JR + xR dV 7 

JR + xR d 

for all x G M+ x R d , where 

4!l(*) := / |(/ / (x + 0- 1 rO-/ / (x),O|m(de) ) 

J(R + xM. d )\D M 

Here 

/ ||/ , (x + ^V0-/ , (z)||||£||m(d£) 
J D M 

^ sup ||/'(x + 0- 1 rC)-/ / (x)|| / U\\m(dt). 

£&D M JR + xR d 

The convexity of Dm implies r£ = t(0,x,£)£€D m for all G R++, i£l + xl d and (e% 
and, hence, 

sup Wf'ix + e^rO-f'ix)^ sup + 

Since /' is uniformly continuous on M + x M. d (which follows by mean value theorem using also that 
1 1 /"| |oo < oo), there exists a Oq G M++ (depending on e and M) such that 

sup ||/'(x + 0- 1 O-/'Or)|| / U\\mm< £ - 

ee-Djvf -/R+xR^ ^ 

for all x G M+ x M d and 9 G [6> , oo). Further, by (f!T8"|) . we have 

Af M ix) < 211/iu / neii w*(df ) < I 

J(R+xIR ti )\D M z 

for all x G M+ x W 1 and # G Putting the pieces together we have (|2.6p . 

Now we turn to prove (|2.7p in a similar way. Let e G K++ be fixed again. Let us now choose an 
M G M++ such that 

(2.10) 2 sup xi||/"(x)|| / ||e||V(de)<|- 

a;eR+xR d J(R + xR d )\D M ^ 



s 



Such an M can be chosen, since / G C£°(M+ x M. d ) yields supa. gR X R d xi||/"(x)|| < oo and, by 
assumption (f!T3j) . J M+xM d ||£|| 2 A*(d£) < oo. By Taylor's theorem, for all 6 G i£R + xK' i and 

£ G -Dm there exists some r = r(0,x,£) G [0, 1] such that 

(2.ii) f( x + e-H) - m - (f'(x), e-'o = l</"(x + 9-^)0-% e-'O- 



Then 



xi 



[ (f(x + fl-^) - /(*) - e _1 (/'(x), - \9- 2 {f"(x% 0) 2 
Jm + xR d v i j 



<2- 



for all x G M+ x R d , where 

BfUx) :=xi / | ((/"(* + fl" 1 ^) - /"(x))£, 01 K^), 



flg^.-si / (\(f"(x + 9-'T0^0\ + \(f"(x)^0\)Kd0- 

J{R+xR d )\D M 



Here 



b<» m {x) <xi / iir^+fl-vo-AxjiniffMd^) 
< sup sxiircx+e-vo-rtoii / nciiV(de), 

£eD M JR + xR d 

and note that P - B|| ^ - \\B\\, A, B G W xp , yields that 

Xl \\f"{x + 0-V£) - /"(x)|| ^ ||(x! + rVeo/'^x + e- 1 ^) - + e-Veill/'^x + rVoil. 

Further, we have again {r£ = t(0,x,£)£ : G x G K+ x R d and £ G -Dm} C Dm, and hence 

sup \\( Xl + e- 1 T£ 1 )f"(x + 9- 1 Tt)-x 1 f"(x)\\^ sup ||(s 1 + 0- 1 ei)/ // (x + r 1 e)-a:i/"(x)||. 

Since the function x i— > xi/"(x) is uniformly continuous on K + x R d , there exists a #1 G M++ 
(depending on e and M) such that 



sup iKxi + r^orcx + e-^-xircx)!! / u\\ 2 m) 

(_eD M JR+xR d 



e 

<4 



for all x G M+ x M. d and G [9±,oo). Moreover, there exists a fee (depending on e and 

M) such that 

0- 1 sup Th\\f"{x + e- x TZ)\\ [ Uf e'VWoo sup a / nenV(de)< j 

£eD M JR+xR^ £eD M JR + xR d 4 
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for all x G M + x M. d and G [02, oo). Consequently, -B^x) < | for all x G R + x M. d and 
G [6>i + 2 , oo). Further, 

Bflix) < xx [ (||/"(* + e-voii + ||/"(*)||) ||e||V(d6 



Here 



hence 



< sup x 1 (||/"(x + 0- 1 rO|| + ||r(x)||) / ||£||V(dO- 

£GR+xR d J(R + xR d )\D M 



X! (||/ // (x + 0- 1 rO|| + ||/"(*)||) < (X! +0- 1 rei)||r(x + 0- 1 rO|| +x 1 ||/"(x) 



sup x 1 (||/"(x + 0- 1 rOII + ||/"(x)||) ^2 sup si||/"(a:) 

£gR + xM d xGM+xR d 



Consequently, by (|2.10j) . we have 

>(2) 



B^> M {x)^2 sup xiii/"(x)n / urm)<^ 



xGK + xM d ^(R+xK a J\i; M 

for all x G M+ x IR d and G Putting the pieces together we have (|2 . 7]> . 

Finally, Ethier and Kurtz [121 Corollary 8.7 on page 232] yields our assertion. Namely, with the 
notations of part (f) of this corollary (but replacing n by 0), let 

• Gg := Eg := E:=R + x R d for all G 

• C a : = x M. d ) which strongly separates points in IR + x M. d (indeed, for every (xi,X2) G 
M. + x R d and 5 G the bump function 



hi(ui,u 2 ) ■= < 



ex p{~ T3(^7p ~ i-llJ-^p }' if k-^lK 1 and Ik2-S 2 ||<l, 
0, otherwise, 



for (ui,u 2 ) G M + x M d , satisfies (4.7) on page 113 in Ethier and Kurtz [12 

• r/g : Eg E with r)g(xi, x 2 ) := (xi, x 2 ), (11,12) G ^ for all G 

• 7T0 : £J — > Eg with 7rg(xi,X2) := (xi,x 2 ), (xi,x 2 ) G E for all 9 G 



• for each / G C£°(1R + x R d ) one can choose fg := / and gg := A fv (e) „(«),/ for all G R++ 

(and hence {fg,gg) G ^4, v (e) y (0K defined on page 24 in Ethier and Kurtz [12] by part (c) of 
Proposition 1.5 on page 9 in Ethier and Kurtz |12|). 

• (fc/j J^O •- (A jt>0- 

Then, by our assumptions, convergence of the initial distributions holds, condition (8.35) on page 232 
in Ethier and Kurtz [12] is automatically satisfied, and (|2.4p shows the validity of condition (8.36) on 
page 232 in Ethier and Kurtz [12]. □ 
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2.6 Remark. By giving an example, we shed some light on why we consider only (1 + cQ-dimensional 
affine processes with state space M+ x M. d in Theorem 12.21 instead of (n + (i)-dimensional ones with 
state space x W 1 , n € N. Let (It)t^o be a two-dimensional continuous state branching process 
with infinitesimal generator 



2 „ 



u) - f(y) - fi(y)ui)pi{du), 



for / G C e 2 (l^.) and y = (yi, y?) € R3_, where pj, i = l,2, are u-finite measures on \ {0} such 
that 

(2.12) / (ui + ||n|| 2 )p2(dn) < oo and / (u2 + ||u|| 2 )pi(du) < oo, 

JR2_\{0} ^R+\{o} 

see, e.g., Duffie et al. Theorem 2.7]. Note that Y can be considered as a two-dimensional affine 
process with state space R 2 . (formally with d = 0). Then, by Lemma EU for all 9 > 0, / G C C 2 (K^) 
and y = (yi,y 2 ) G R+, 

(^y fl /)(y)=e(Ay fe)(0y) 



2 . 

^ 2 Vy« / (/(i/ + fl- 1 «)-/(y)-(/ / (l/) > f" 1 «))Pi(d«) 

^\{0} v / 

+ oy^yifz-iiv) / «3-tPi(du), 



where the last equality follows by (12.12j) . Supposing that / is real- valued, by Taylor's theorem, 

f(y + e^u) - f(y) - {f'{y),e- l u) = ±{f(y + r^u)^ V 6~ l u) = ^(f"(y + r6~ l u)u, u) 
with some r = r(u,y) G [0, 1]. Hence, similarly to the proof of (|2.7p . we get 



lim 6 2 Y^y t [ (f(y + 9- 1 u)-f(y)-(f(y),0- 1 u))p i (du) = ly2y t [ 



if"(y)u,u}pi(du) 
\{o} 



for real-valued / S C 2 (M+) and y = (f/1,2/2) £ R+- However, (^4y 9 /)(y) does not converge as 
— > oo provided that 



2 



yZvifb-iiv) u z _i Pi {du) / 0. 

7^ -« 2 + \{0} 

We also note that this phenomena is somewhat similar to that of Remark 2.1 in Ma |28| . □ 
In the next remark we formulate some special cases of Theorem [ 
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2.7 Remark, (i) If (Y(t),X(t))t£R + is a (1 + d)-dimensional affine process on M + x M. d with 
(y(0), X(0)) = (0, 0) and with admissible parameters (a, a, b, 0, m, pi) such that condition (|2.3p is sat- 
isfied, then the conditions of Theorem O are satisfied for (Y^ (t), X^ (t)) t m+ ■= (Y(t), X(t)) te R + , 
9 G and hence 

(^(F^.X^)))^ A (^(t),^(t)) teR+ as oo 

in D(M + ,M + x R d ), where (y(t), X (t))t 6 R + is a (1 + (i)-dimensional affine process on M + x M d 
with admissible parameters (0,5,6,0,0,0), where 5 and 6 are given in Theorem [2~2l 

(ii)If (Y(t),X{t)) t ^o is a (l+d)-dimensional affine process on l + xl d with (Y(0),X(0)) = (0,0) 
and with admissible parameters (0, a, b, 0, 0, 0), then 



(^ 1 (y(^),X(0t))) teR+ k (Y(t),X(t)) tm+ for all 6 G js. 



where = denotes equality in distribution. Indeed, by Proposition 1.6 on page 161 in Ethier and 
Kurtz [12], it is enough to check that the semigroups (on the Banach space of bounded functions on 
R + x M d ) corresponding to the processes in question coincide. By the definition of a core, this follows 
from the equality of the infinitesimal generators of the processes in question on the core C£°(R+ xR d ), 
which has been shown in the proof of Theorem 12.21 □ 

Next we present a corollary of Theorem 12 . 2 1 which states weak convergence of appropriately normal- 
ized one-dimensional continuous state branching processes with immigration. Our corollary generalizes 
Theorem 2.3 in Huang et al. [20] in the sense that we do not have to suppose that £ 2 m(d£) < oo, 
only that J^ 00 £ m(d£) < oo (with the notations of Huang et al. [20]), and our proof defers from that 
of Huang et al. |20j. 



2.1 Corollary. For all 6 G let {Y^* (t)) tm+ be a one- dimensional continuous state branching 

process with immigration on with branching mechanism 



R(°)( z ) -.= z + z 2 + / (e~ zu -1 + zu)p(du), z G R+, 

Jr + 

and with immigration mechanism 

FQ\z) :=bV>z+ f (l-e- zu )n(du), z G K+, 
Jr+ 

where ^ 0, b^ ^ 0, f3™) G K and n and p are measures on (0, 00) such that 



un(du) < 00 and 



/ u 2 p(du) < 00. 

JK.+ 



If there exist some a,b,(3 G M and a random variable Y(0) with values in M + such that 

lim a {6) = a, lim b {e) = 6, lim 0/3 (e) = /3, Y {e \<d) A Y(0) as 6 -> oo, 

then 

(e^Y^Xet)) A(F(t)) t6ffi+ as fl^oo 
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in D(]R_|_, R_|_), where (Y(t))t^ + is a one- dimensional continuous state branching process with 
immigration on R + with branching mechanism 



R( z ) ■= -p z + (a + 1 J u 2 p(du))z 2 , 
and with immigration mechanism 

F(z) := ( b+ / nn(dn) ) z 



z G 



Z G 



Proof. For each 9 G M++ and t G R+, let := 0. Then for each 9 G R ++ , 

the process (y^(i), X^)(t))j G R + is a two-dimensional affine process with admissible parameters 
(0,aW,b {e \p {e \m,n), where 



a< fl > := 




o" 


, b {6) := 


W 






















M(d£) = M(da,d6) :=p(d6) x 5 (d£ 2 ), m(d£) = m(d^i,d^ 2 ) := n(d&) x $ (d&), 

Then, by Theorem 12.21 for the 



where <5o denotes the Dirac measure concentrated on G I 
two-dimensional affine processes (YW(t),xW(t)) t>0 , 9eR ++ , we have 



■ x (YW(et),xW(0t)) 



(Y(t),X(t)) t 



as 9 — > oo 



in D( 
infinitesimal generator 



where (Y (t) , X (t))t£R + is a two-dimensional affine process on 



with 



a + 



^ / u 2 p{du)\x 1 fl l {x) + (b + Px l + I un(du)\fi(x) 



for x = (x\, X2) G R+ x R and / G (R4. x R). Note that in fact X is the identically zero process. 
Finally, Theorem 9.30 in Li |27j yields the assertion. □ 



3 Least squares estimator for a critical two-dimensional affine dif- 
fusion process 



In this section continuous time stochastic processes will be sometimes written also as (£t)t^o instead 
of (£(i))t^o- Let us consider the following two-dimensional affine diffusion process given by the SDE 



(3.1) 



dY t = (a-bY t )dt + ^Y t dW t , 
dX t = (m-9X t )dt + VY t dB t , 



t G 



1+, 



where a G R+, b, #,toGR, and (Wt)teR + , {Bt)teR + are independent standard Wiener processes on 
a probability space (fi, J 7 , P). Note that the process (Y t , X t )t<=m. + given by (|3.ip is a two-dimensional 
affine process with admissible parameters (0, a, b, 0, 0, 0), where 



° := 2 



"1 


0" 




a 




~-b " 






b:= 




/?:= 







1 




m 




_ -9_ 
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3.1 Preparations and (sub) (super) criticality 



The next proposition is about the existence and uniqueness of a strong solution of the SDE ()3.1 



3.1 Proposition. For all a G R+, b,m,9 G R and for all initial values (Yq,Xq) with 
P(Yq ^ 0) = 1, there is a pathwise unique strong solution (Y t , X t )t<=u + of the SDE (|3.ip such 
that P(Y t ^ for all t G R+) = 1, 



(3.2) 

and 

(3.3) 



1', 



i = e 



( Y ^ + a j s e ~ b(S ~ U) du + I e" b(s " u) VYu dW^j , O^s^t, 



Proof. By Ikeda and Watanabe [211 Example 8.2, page 221], there is a pathwise unique non-negative 
strong solution (Yt)tgR + of the first equation in (|3.ip with any initial value Yq such that P(Yq ^ 
0) = 1. Next, by applications of the Ito's formula to the processes (e bt Y t )t£R + and (e If)^ , 
respectively, we have 

d(e bt Y t ) = be bt Y t dt + e bt dY t = be bt Y t dt + e bt ((a - bY t ) dt + y/Y t dW t ) 

= ae bt dt + e bt ^/Y t dW t , t G R + , 

and 

d{e et X t ) = 6e et X t dt + e 0t dX t = 6e et X t dt + e 9t ((m - 0X t ) dt + v/^dB t ) 
= me et dt + e et y / Y t dB t , t G R + , 
which imply (|3.2I) and (13. 3|) in case of s = 0. If ^ s ^ t, then, by 

e M r ( = e bs Y s +a [ e bn du + I e^JY^dB^ 



and 



we have (|3.2p and (|3.3p . Finally, we note that the existence of a pathwise unique strong solution 
(Y t ,X t ) tm+ of the SDE such that P(Y t ^ for all t G R+) = 1 follows also by a general 

result of Dawson and Li [TOj, Theorem 6.2]. □ 

Next we present a result about the first moment of (Yt,Xt)t€M. + - 

3.2 Proposition. Let (Yt,Xt)teR + be an affine diffusion process given by the SDE (|3.ip with a G 
R+, b,m,8 G R, and with initial values (Yq,Xq) such that P(Yq 0) = 1 and E(1q) < oo. T/ien 



"E(y*)" 




~e~ bt " 




'E(Y )~ 


+ 


_E(X t )_ 




_ e~ et _ 




E(X )_ 



fields 







Jj e" es ds 





a 




m 



t G 
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Proof. By Proposition 13.11 we have 

Y t = e~ bt (y + ci J\ bu du + £ e bu ^Y u dW u ^j , t G 



r-t 

c- et {x + m I e 9u du + I e e V- 



and so, taking expectations of both sides, 



E(Y t ) = e~ b 'E(y ) + ae~ bt [ e bu du = e~ bt E(Y ) + a [ e~ bu du, t G R + , 

Jo Jo 

E(X t ) = e~ 9t E(X ) + me- 9t [ e 9u du = e~ 9t E(X ) + m f e~ 9u du, t G 

Jo Jo 



where we used that the local martingales 



e^x/KdW,^] and ( [ e s "v^dB, 



U KXVV U 

J t£R+ 



are true martingales which can be checked as follows. First we check that they are local martingales 
with respect to the filtration generated by W and B, respectively. Let us define the increasing 
sequence of stopping times by 5 n := inf{i ^ : Yt ^ n}, n G N. Since Y has continuous trajectories 
almost surely, we have P(lim n _ s . 0O 5 n = oo) = 1. Using (5 n ) nS N as a localizing sequence, we have 

/ rtAS n \ 
E I J e 2bu Y u du\ ^ nimax(l,e 2W ), t G R+, n G N. 

The local martingale property of ( Jq y/Yu dW u ) follows by Ikeda and Watanabe [2H page 

57]. Hence, using (|3.2p and that a G R+, we find that 

/ rtAS„ \ 

E(e 6 ( tMn 'y tAi J = E(y ) + aE(J e bu du \ < E(Y ) + at max(l, e bt ), t G R+, n G N, 
and then, by Fatou's lemma, 

(3.4) E(e 6 *Y t ) = liminf E(e b( - tASn) Y tA5n ) ^ E(Y ) + at max(l, e 6 *), i G R+. 

n— >oo 

Next, we can deduce that ( J e bu ^/Yu dW u ) is indeed a true martingale. First, we note that a 



'teiR+ 

local martingale M is a square integrable martingale if E([M,M]t) < oo for all t G R+, where 
([M, M] t )t£R + denotes the quadratic variation process of M, see, e.g., Corollary 3 on page 73 in 
Protter [32]. Here the quadratic variation process of (jJe^y^dWu) takes the form 

E (J e 2bu Y u du^j < oo, t G R+, 

where, for the inequality, we used Fubini's theorem, (|3.4p and our assumption E(Yo) < oo. Replacing 
b by 0, we have the desired martingale property of (f*e eu y/KdB u ) , too. □ 

In what follows we define and study criticality of the affine process given by the SDE (|3.ip . 
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3.1 Definition. Let (Yt, Xt)teR+ be an affine diffusion process given by the SDE (|3.ip with a E R+, 
b,m,6 S R, and mi/j initial values (Yq,Xq) such that P(Yq ^ 0) = 1. We call (Y tl X t ) t£ ^ + 
subcritical, critical or supercritical if the spectral radius of the matrix 

U~ bt o \ 

V e- et ) 

is less than 1, equal to 1 or greater than 1, respectively. 

Note that, since the spectral radius of the matrix given in Definition 13.11 is max(e~ bt , e~ st ) , the 
affine process given in Definition 13.11 is 

subcritical if b > and 9 > 0, 

critical if 6 = 0, 9^0 or 6^0, 9 = 0, 
supercritical if b < or 9 < 0. 

We note that our definition of criticality is in accordance with the corresponding definition for one- 
dimensional continuous state branching processes, see, e.g., Li [271 page 58]. 

In this article we will always suppose that 

Condition (C): a G {b, 9) = (0, 0) and (X , Y ) = (0, 0). 

For some explanations why we study only this special case, see Remarks 13.11 13.21 and 13.31 In the next 
sections under Condition (C) we will study asymptotic behaviour of least squares estimator of 9 and 
(9,m), respectively. Before doing so we recall some critical models both in discrete and continuous 
time. 

In general, parameter estimation for critical models has a long history. A common feature of 
the estimators for parameters of critical models is that one may prove weak limit theorems for them 
by using norming factors that are usually different from the norming factors for the subcritical and 
supercritical models. Further, it may happen that one has to use different norming factors for two 
different critical cases. 

We recall some discrete time critical models. If (£fc)fcez + is an AR(1) process, i.e., = g^k-i + Cfe> 
k E N, with £o = and an i.i.d. sequence (Cfc)fceN having mean and positive variance, then 
the (ordinary) least squares estimator of the so-called stability parameter g based on the sample 
£i, . . . , £ n takes the form 



n G N, 



see, e.g., Hamilton [TH 17.4.2]. In the critical case, i.e., when g = 1, by Hamilton [161 17.4.7], 

n{g n - 1) — > -ti ^ as n y oo, 

Jo W'di 

where (Wt)teR + is a standard Wiener process and — > denotes convergence in distribution. Here 
n (g>n — 1) is known as the Dickey-Fuller statistics. We emphasize that the asymptotic behaviour 
of g n is completely different in the subcritical (|p| < 1) and supercritical (\p\ > 1) cases, it 
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is asymptotically normal and asymptotically Cauchy, respectively, see, e.g., Mann and Wald j"2!) . 
Anderson [2] and White [34] . 

For continuous time critical models, we recall that Huang et al. \20\ Theorem 2.4] studied asymptotic 
behaviour of weighted conditional least squares estimator of the drift parameters for discretely observed 
continuous time critical branching processes with immigration given by 

Y t = Y + ! {a + bY s ) ds + a [ \/¥ s dW s + f I £ M {ds, d£) 

J J JO J[0,oo) 

+ 111 f(M(ds,d«,df)-dadup(d^)), teK + , 

JO JO J[0,oo) 

where Yo ^ 0, a ^ 0, 5 G 1, ff ^ 0, W is a standard Wiener process, A/"o(ds, d£) is a Poisson 
random measure on (0,oo) x [0,oo) with intensity dsn(d£), A/i(ds, du, d£) is a Poisson random 
measure on (0, oo) x (0, oo) x [0, oo) with intensity dsdup{d^) such that the cr-finite measures n 
and p are supported by (0, oo) and 

/*oo poo 

/ £™(d<e)+ / Z/\fp(dt) < oo. 
Jo Jo 

Our technique differs from that of Huang et al. [20] and for completeness we note that the limit 
distribution and some parts of the proof of their Theorem 2.4 suffer from some misprints. Furthermore, 
Hu and Long [19] studied the problem of parameter estimation for critical mean-reverting a-stable 
motions 

dX t = (m - ex t ) dt + dZ t , t G R + , 

where Z is an a-stable Levy motion with a G (0,2)) observed at discrete instants. A least squares 
estimator is obtained and its asymptotics is discussed in the singular case (m,9) = (0,0). We 
note that the forms of the limit distributions of least squares estimators for critical two-dimensional 
affine diffusion processes in our Theorems 13.11 and 13.21 are the same as that of the limit distributions 
in Theorems 3.2 and 4.1 in Hu and Long [19] . respectively. We also recall that Hu and Long [18] 
considered the problem of parameter estimation not only for critical mean-reverting a-stable motions, 
but also for some subcritical ones (m = and 9 > 0) by proving limit theorems for the least 
squares estimators that are completely different from the ones in the critical case. Huang et al. 
|20j investigated the asymptotic behaviour of weighted conditional least squares estimator of the drift 
parameters not only for critical continuous time branching processes with immigration, but also for 
subcritical and supercritical ones. 

Using our scaling Theorem 12.21 we can only handle a special critical affine diffusion model given 
by (jl.ip (for a more detailed discussion, see Remark 13. 2\) . The other critical and non-critical cases are 
under investigation but different techniques are needed. 

3.2 Least squares estimator of 9 when m is known 

The least squares estimator (LSE) of 9 based on the observations Xj, i = 1, . . . , n, can be obtained 
by solving the extremum problem 

n 

^ SE := argmin V(A, - X^ - (m - 9X l ^ l )f. 
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This definition of LSE of 9 can be considered as the counterpart of the one given in Hu and Long 
[18\ formula (1.2)] for generalized Ornstein-Uhlenbeck processes driven by a-stable motions, see also 
Hu and Long |19^ formulas (3.1) and (4.1)]. For a mathematical motivation of the definition of the 
LSE of 9, see later on Remark El With the notation f(9) := £™ =1 (X; - - (m - 9X i - 1 )) 2 , 
9 G M, the equation f'(9) = takes the form: 

n 

2 ^(Xi - X;_! - (m - 9X i _ 1 ))X i _ 1 = 0. 
i=i 

Hence 

/ n \ n 



.i=l / i=l 



(3 5) 2Lse _ £?=iPQ - - _ E?=i(*i - - (ELi m 



v^n y2 y2 

2^=1^-1 2^1=1^1-1 



provided that J2?=i x ?~i>Q- Since /"(0) = 2 £? =1 G R, we have ^SE i s indeed the 

solution of the extremum problem provided that Yli=i > 0. 

3.1 Theorem. Let us assume that Condition (C) holds. Then P(Ya=i x f_ t > 0) = 1 for all n^2, 
and there exists a unique LSE 9^ SE which has the form given in (|3.5|) . Further, 

,, fi N 2LSE £ fix(t)dX(t)-mfix(t)dt 

(3.6) n9„ — > — = as n — > oo, 

where (X(t))teu+ is the second coordinate of a two-dimensional affine process (y(t),X(t))t£M. + given 
by 



(3.7) 



dy(t) = adt + y/yjt)dw(t), 

t G R+, 

dX(t) =mdt+ y/y(f)dB(t), 



where (W(t))teR + and (B(t))teM + are independent standard Wiener processes and (y(0),X(0)) = 
(0,0). 

3.1 Remark, (i) The limit distributions in Theorem 13.11 have the same forms as those of the limit 
distributions in Theorem 3.2 in Hu and Long |19j . 

(ii) Note that the limit distribution of n9^ SE as n — > oo in Theorem 13.11 can be written also in the 
form 

X(t) d(X(t) - mt) _ /J X(t) Vgg dgCQ 

sixwdt tix{tydt 

(hi) Note that the affine process (y(t), X(t))teR + given in Theorem 13.11 has infinitesimal generator 

(Ary t x)f)(x) = ^xif" tl (x) + ^l/^Oc) + af[(x) + mf' 2 {x) 
where x = {x 1 ,x 2 ) £l + xl and / G C^(R + x R). 
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(iv) If a = 0, 6 = 0, 6 = 0, and (Y , X ) = (0, 0), then Y t = 0, i G R + , and X t = mt, t G E + . 
If, additionally, then # ESE , n ^ 2, is well-defined and (9^ SE = 0, n ^ 2. 

(v) Under the Condition (C), by Theorem 13.11 and Slutsky's lemma, we get #^ SE converges stochas- 
tically to the parameter S = as n->oo. □ 

Proof of Theorem 13.11 By (|3.3p . we have 



X t = mt + / ^JY S dB s , t G R+. 
o 

Hence for all t G the conditional distribution of Xt given (Xs)se[(M] * s a norma l distribution 

with mean mt and with variance J Y s ds. Here the variance f Y s ds is positive almost surely for all 
t G since (y<,) se R + has continuous trajectories almost surely and P(Y S = for all s€[0, t]) = 

for all t G IR++ (which follows by a G M++ and the SDE ([33])). It yields that 

(3.8) P(X t = 0) = E (P(X t = | (Y s ) sem )) = 0, i G 

and hence P(£" =1 XjLj > 0) = 1 for all n > 2. 

Now we turn to prove f|3.6[) . First note that the affine process (Yt, Xt)teM+ has admissible 
parameters (0, a, 6,0,0,0), where 



a :-- 



1 


o" 




a 






b:= 







1 




m 



and condition (12 . 3|) is trivially fulfilled. Hence, by part (ii) of Remark 12.71 we have 



(3.9) 



(n-^nt),*!- 1 ^*))^ =(y(t),X(t)) tm+ for all n G N, 



where (3^(i), X(t))t€M. + (given in (I3.7P ) is a two-dimensional affine process with infinitesimal generator 
given in part (iii) of Remark [3.1 1 By Dawson and Li |T0j Theorem 6.2], (y(t),X(t))teR + is the unique 
strong solution of the SDE (|3.7|) . Using this we prove that 



(3.10) 



-i n 1 n 1 n \ 

J X ^ ^3 X i-^ ~ X i-l) X i-\ ) 

i=l i=l i=l ' 

X(t)dt,J X(tfdt, X(t)dX(t)\ 



as n — > oo. 



Hence for all n G N, 



( ~2 12 ~3 X i~^ ~2 12( X i - Xi-l)Xi-l ) 

\ i=l i=l i=l / 



X n 



i-l 



n 



i=l 



C / 1 



n^2 X 



i=l 



i - 1\ 1 



n 



i=i 



i - 1 



'*-(»- 1) 



n 



2 n 



y(-x n i --x.-A 



, ~ X ni—± 

n n n n i n » 



j=i 



i - 1 



A' 



i - 1 



n 
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By the definition of the Riemann integral, using also that (X(t))t£R + has continuous sample paths 
almost surely, we have 



1 » _ rl 



(3.11) ^_g*(_j = j[ a - S " 

(3.12) Hrn \ ± (x (^) ) * = [ X{tf dt a.s. 



n— >oo n 1 — ' \ \ n 

i=l 



Next, we show that 



(3.13) HmJ^tfQ^ -X^L-iy^ x(^—pj -2+ £ x(t)dX(t) as n -> oo, 

where — > denotes convergence in probability. By Ito's formula, we have dX(t) 2 = 2X(t)dX(t) + 
y(t)dt, t E R_|_, and hence, using also that = 0, we have 

(3.14) jf 1 X(s) dX(s) = \ [x(lf - jf 1 y(s) da) . 
The following discrete version of the identity above can be easily checked 



x n J \ n J J \ n J 2 \ ^— ' V V n J \ n 

By part (a) of Theorem 1.4.47 in Jacod and Shiryaev [22] and the SDE ()3.7|) . we get 

(3.15) (~) ~ X (^r)) ~^Jo y ^ dS aS 

Indeed, with the notations of Jacod and Shiryaev [22], ( r n := A l) . „ ) is a Riemann sequence 

V ™ lfcx VneN 

of (adapted) subdivisions and hence, by Jacod and Shiryaev [22j Theorem 1.4.47], the sequence of 
processes 



£(*(l A lAt)-*(l^AlAt)) ) nGN, 



a=l 



converges to the quadratic variation process of X in probability, uniformly on every compact interval. 
Especially, with t = 1, using also the SDE (|3.7p . we have (j3. 15|) . Since the sum of two sequences 
of random variables converging in probability remains convergent in probability, we get (|3.13p . By 

(]3.1ip . (I3.12P and (|3.13p . we get (I3.10P using also that for any random variables U n , V n , n S N, U, 

IP p p 

V such that U n — > U and V n — > V as n — > oo, we have (U n ,V n ) — > (U,V) as n — > oo, see, 

e.g., van der Vaart [331 Theorem 2.7, part (vi)]. 

Finally, by (|3.10p and the continuous mapping theorem, and using that 

r) 2LSE = jg T,i=l( X i ~ Xj-jXj-! - ^ (£? =1 X i~i) m 
°n 1 sr^n Y 2 ' 

73 Z^i=l ^i-l 
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we have the assertion. Indeed, the function g : M 3 

g(x,y,z) := < 




defined by 



z^rn if j, ^ 0, 



if y = 0, 



is continuous on the set {(x, t/, z) 6 i 3 : i/ / 0}, and the limit distribution in (|3.10p is concentrated on 
this set since P y X(t) 2 dt > 0^ = 1. Hence the continuous mapping theorem (see, e.g., Theorem 
2.3 in van der Vaart |33| ) yields that 

9 ( ~2 E X i-!> ~3 E X i~f ~2 E^ - X i-l) X i-l ) 
\ i=l i=l i=X / 

A g (J X(t) dt, J X{tf dt, J X(t) dX(t)\ 



as n — > oo. 



Since 



P n 



2LSE 



9 ( ^ E x -^h £ ^ - ) > p ( E x ^ > ) = 1 

V i=l i=l i=l / / \i=l / 



for all n ^ 2, the assertion follows using that if £ n , r/ n , n G N, and £ are random variables such 
that £ n — > £ as n — > oo and lim n _ >00 P(^ n = r/ n ) = 1, then rj n — > £ as n — > oo, see, e.g., 
Barczy et al. [31 Lemma 3.1]. □ 

3.2 Remark. If the affine diffusion process given by the SDE (I3.ip is critical but (b, 9) ^ (0, 0) (i.e., 
b = 0, 9 > or > 0, 9 = 0), then the asymptotic behaviour of the LSE # LSE cannot be studied 
using Theorem 12.21 since its condition lim^oo 0/3™' = /3 is not satisfied. □ 

3.3 Least squares estimator of (9,m) 

The LSE of (9,m) based on the observations Xi, i = l,...,n, can be obtained by solving the 
extremum problem 

n 

(^ SE ,m£ SE ) := argminVpQ-JSQ-! - (m-9X i _ l )f. 

(6»,m)GK 2 i=1 

We need to solve the following system of equations with respect to (9,m): 

2 J^pQ - Xi-i - (m - flXi-i))^-! = 0, 
i=i 



2 ^(X, - - (m - e^i-i)) = 0, 



i=i 



which can be written also in the form 

i=l A i-l -2_^=l A «-i 
" Ei=l n 





'9' 






m 





Yn=l( X i ~ X i-l) 
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Then one can check that 

2LSE _ n Yn=l( X i ~ ~ Yh=1 X i-1 YJi=l( X i ~ X i-l) 



(3.16) 



and 

(3 17) ~ LSE = X ^- X E"=l(^ ~ Xi ~^ ~ E"=l Xi ~ 1 Tl?=l(Xj ~ 

m " " n^UXU-i^UXi-xf 
provided that n £? =1 *i-i ~ (Si > 0. Since the matrix 

2£ILi^i -2EtxXi-i 

- 2 E?=i^-i 2 " 

consisting of the second order partial derivatives of the function M? 3 (6, m) \- > Y17=i (Xi — — {m — 
OXi^i)) 2 is positive definite provided that n £™ =1 Xf_ x - (J2?=i X^i) 2 > 0, we have (^ SE , m£ SE ) 
is indeed the solution of the extremum problem provided that ra£" =1 Xf_ x — (X^iLi -^i-i) 2 > 0. 

3.2 Theorem. Let us assume that Condition (C) holds. Then 

(3.18) P fnJ^X?.! - ^XJ^i-i^ >0j =1 foralln^2, 

and there exists a unique LSE (^ SE ,fn^ SE ) which has the form given in (|3,16p and (|3.17p . Further, 

2lse £ /o^^d^-Arci)^ 1 ^)^ 

nfcL — )■ — n — as n — >■ oo, 



and 

^lse ^ g(l) Jo *(*) 2 d * ~ Jo *(*) Jo gft) dg(t) 
£ AT(t) a dt - (/J X(t) dt 



as n oo, 



where (X(t))t£R + is the second coordinate of a two-dimensional affine process (y(t), X(t))t£R + given 
by 

'dy(t) = adt + y/y{F)dW(t), 

t G E+, 

d#(i) = mdi + y/y@)dB(t), 

where (W(t))t£R + and (B(t))teM + are independent standard Wiener processes and (y(0),X(0)) = 
(0,0). 



3.3 Remark, (i) The limit distributions in Theorem 13.21 have the same forms as those of the limit 
distributions in Theorem 4.1 in Hu and Long |19] , 

(ii) Note that the affine process (y(t), X (t))teR + given in Theorem 13.21 has infinitesimal generator 
{A<y, X )f)(x) = -xxf" tl (x) + \xif'l 2 {x) + af[{x) + mf 2 (x), 
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where x = (x 1 ,x 2 ) GR+xR and / G C 2 (M+ x E). 

(iii) If a = 0, 6 = 0, = 0, and (lo,A ) = (0, 0), then Y t = 0, t> 0, and X t = mt, t ^ 0. If, 
additionally, then 0^ SE , n ^ 2, and m^ SE , n ^ 2, are well-defined and 0^ SE = 0, n ^ 2, 
and m ESE = m, n ^ 2. 

(iv) Under the Condition (C), by Theorem 13,21 and Slutsky's lemma, we get #^ SE converges stochas- 
tically to the parameter 6 = as n — > oo, and one can show that fn ESE does not converge 
stochastically to the parameter m as n — > oo, see Appendix [Bl □ 

Proof of Theorem 13.21 By Cauchy-Schwarz's inequality, we have 
(3.19) n £ ~ E I > °» n G N ' 

i=l \i=l / 

and equality holds if and only if KXf = L, i = 0, . . . , n — 1, with some A, A ^ 0, A' 2 + L 2 > 
(A and L may depend on weSl). Since Xq = 0, we have L = and hence A > and then 
AA, 2 = L, i = 0, . . . , n — 1, yields that Aj = 0, £ = 0, . . . , n — 1, i.e., equality holds in (|3.19p if and 
only if X = Xi = ■ ■ ■ = X n _\ = 0. Since 

P(X l = ■■■= A„_x = 0) < P(X 1 = 0) = 0, n > 2, 

where the last equality follows by (|3.8p . we have (|3.18p . We give an alternative proof for f|3. 18j) . 
Namely, 



n 

n 

i=l 



(n \ ^ n / Yt \ 

and, using also that Ao = 0, equality holds if and only if 
1 " 

Xi_i = -Vx,-_i A = Ai = • • • = A n _i A, = 0, i = 0,...,n-l. 

i=i 

By part (ii) of Remark \2.7\ we have 

(n^Yird^n^Xint))^ = (y(t),X(t)) tm+ for all n £ N. 

Hence 

/l 1 " l n l n \ 

(3.20) — X n , —2 > Ai_i, n > Aj_ l5 —2 > (Aj - Aj_i)Aj_i 

\ i=l i=l i=l / 

-£*(x(l),J X(t)dt,J X{t) 2 dt,J^ X(t)dX(t)) as n^oo, 
which can be checked similarly to f|3. lOj) . 
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Finally, using that 



n QLSE _ W YA=l( X i ~ Xi-i)Xj-i - ±z YTi=\ Xj-i\(X n - X ) 

n 1 V~2 I 1 s^n v \2 

~r? l^i=l A i-1 ~~ Kn* 2^i=l A *-lJ 

1 v^™ y2 1 / v- v \ 1 S^ n Y 1 f Y Y \ 

lse _ ^ 2^i=i A j-i^l A « - a j - ^ 2^i=i A »-i^ 2^i=il A j - A i-lJ 



???, 



1 v^ n v2 ( 1 Y" A' 

and that Xo = 0, as in the proof of Theorem 13.11 the continuous mapping theorem yields the 
assertion. We only remark that 

(3.21) P uf X{t) 2 dt- ^jf ^(t)d^ >0^=1. 

Indeed, by Cauchy-Schwarz's inequality, we have 



^ X(t) 2 dt-^ X(t)dt\ ^0, 



and equality holds if and only if KX(t) 2 = L for almost every t G [0,1] with some -ftT, L ^ 0, 
iiT 2 + L 2 >0 (X and L may depend on u G fi). Using that has continuous trajectories almost 
surely, we have 



i / /-i - 2 

2 



(3.22) PyJ X{ty&t-yJ X(t)dtj = Oj > 

if and only if P(KX(t) 2 = L for all t G [0, 1]) > 0, and hence, since X(0) = 0, if and only if L = 
and = for all tG [0,1]) = 1. Since a G we have P(X(t) = for all tG [0,1]) = 0, 

which implies (I3.2ip . We give an alternative proof for (|3.21j) . Namely, 

J X(t) 2 dt-^ X(t)dt\ = (x(t)- J X(s)ds\ ^0, 
and equality holds if and only if 

X(t) = [ X(s)ds a.e. t G [0,1]. 
Jo 

Since X has continuous sample paths almost surely, (|3.22p holds if and only if 



p (x(t) = X(s) ds for all t G [0, 1]^ > 0. 



Hence, since X(0) = 0, we have (I3T221) holds if and only if P(X(t) = for all t G [0, 1]) > 0, which 
is a contradiction due to our assumption a G □ 



3.4 Conditional least squares estimator of (9, m) 

For all t G M+, let be the cr-algebra generated by (X s ) se [ 04 ]. The conditional least squares 

estimator (CLSE) of (9, m) based on the observations Xi, i = 1, . . . , n, can be obtained by solving 
the extremum problem 

n _ 

( e SE ,^ LSE ) := argmin £ (x t - E(X, | . 
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By (|3.3p . we have 

E(X t | F?) = E(X t | X s ) = e'^-^Xs +m I e' 6 ^ du, O^s^t, 

J s 

where we used that the independence of Y and B, and the independent increment property of B 
yield that J e~ e ( s ~ u ^y/Yu dB u is independent of J 7 * and hence 



E 



J e~ e ^^dB u \ tA =®(J e'^-^V^dB^ = 0. 



Then 



Xi - E(Xi | J^i) = Xi- e~ e Xi„i -ml e - e{i ~ u) du = X { - e~ 6 X^ - m [ 

Ji-l JO 



e~ Bv dv 



where 

7 := e~ 
Hence for all n G N, 



Xi->yXi-x-8, i = l,...,n, 



and 8 := m I e du 



/' 

.70 



77i 

m 



1-e" 



if 0/0, 
if = 0. 



-CLSE _ e -eCLSE 



(3.23) 



A^LSE _ -CLSE / „-6»CLSE t; 



dv, 



o 



where (7^ LSE , 8„ LSE ) is a CLSE of (7,(5) based on the observations Xi, i = l,...,n, which can 
be obtained by solving the extremum problem 



(7, CLSE ,^ LSE ) 



(3.24) 

Indeed, the function A : M 2 -> R 2 , 

M 2 3 {e',m') ^ A{e',m') : 



argmin VV^Q - 7X^1 - 5) 2 . 

(7,<5)GR 2 (=1 



V 




e- e ' 


_8'_ 




y £ e^" du 



G K + X 



is bijective and measurable, and then there is a bijection between the set of CLSEs of the parameters 
{6,m) and the set of CLSEs of the parameters A(6,m). This follows easily, since for all n G N, 
(xi, . . . , x n ) G ]R n and (7', 8') G R+ X R, 



£(x 4 - Vx,-! - 5') 2 = x: 



1=1 



i=l 







T 




\ 2 




Xj - 


V" 




Xi-1 
1 


J =jZ^-{A{9',m')) T 


Xi-i 

1 



hence 



□CLSE -CLSE 



m^ LSK ) is a CLSE of (6,m) if and only if A(6% LSE , m° LSE ) is a CLSE of A(0,m). 
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For the extremum problem (|3.24[) . we need to solve the following system of equations with respect 
to ( 7 ,,5): 



i-l 



g)Xi. 



0. 



2^(X- 7 X i _ 1 -5) = 0, 



which can be written also in the form 



Era v 2 \-^n v 
j=l A i-l 2^=1 A «-l 

J2i=l X i-1 n 



Z)i=l X i-X X i 



Then 
(3.25) 

and 
(3.26) 



-CLSE = n Ya=1 X i-l X i ~ YJi=l X i-l Yj1=1 X i 

1n ^Er=i^i-(Er=i^-i) 2 



Era v 2 \-^n y v-^n y v^n y y 
t=l A i-1 2^i=l A i ~ 2^i=l A i-i 2^=1 A i-i A i 



^Er=i^-i-(Er=i^-i) 2 

provided that n E&=i -^-l ~~ (Y17=i x i-i) 2 7^ 0- Since the matrix 

2£?=i*i-i 2n 

consisting of the second order partial derivatives of the function ]R 2 B (7, 6) 1— > Y17=i( X i ~~ 7^i— l — <5) 2 
is positive definite provided that n J27=i X i-i ~ (Yh=i x i-i) 2 > °> we have (7^ LSE , 8% LSE ) is indeed 
the solution of the extremum problem provided that n Y12=l x f-i ~ (Ya=i x i-i) 2 > 0. 

3.4 Remark. Using the definition of CLSE of (9, m) we give a mathematical motivation of the 
definition of the LSE 9 n of 9 introduced in Section I3T21 Note that if 9 = 0, then 

Xi - E(Xi I F^) = Xi- Xt-! - m, i = l,...,n. 

If 9^0, then, by Taylor's theorem, 1 — e~ e = e~ rS 9 with some r = t{9) £ [0, 1], and hence 

Xi - K(X t I = Xi- e~ e Xi_i -m f e~ 8v dv = Xi - X_i + e^^X^ - ?ne _T0 

Jo 

for i = l,...,n — 1. Hence for small values of 9 one can approximate Xi — E(Xj | ^iLx) by 
Xj — + 0Xj_i — m = Xi — Xi—\ — (m — #X_i), i = 1, . . . , n. Based on this, for small values of 
9, in the definition of the LSE of 9, the sum Yli=ii x i ~ x i—i ~ ( m ~ G x i-i)) 2 can be considered as 
an approximation of the sum Y^i=i( X i ~ ^( x i I J~?L±)) 2 in the definition of the CLSE of (9,m). □ 
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3.3 Theorem. Let us assume that Condition (C) holds. Then 

(3.27) P (n J2 Xf-i ~ (j2 X *-i) > j = 1 f° r aU n > 2 > 

and there exists a unique CLSE (6^ LSE , m^ LSE ) which has the form given in f|3.23|) . Further, 

Tt«w C fnX(t)dX(t) - X(l) /"„ X(t)dt 

(3.28) n6£ LSE ^-^ — — l-l — flS n^oo, 

and 

, ^ .nsF c X(l) tfx(t) 2 dt- dt f}x(t)dX(t) 

(3.29) m£ LSE ^> V ;Jo — ^ — ^ — ^- — as n^oo, 



where (X(t))t£R + is the second coordinate of a two-dimensional affine process (y(t), X(t))teR+ given 
by 



dy(t) = adt + y/y^jdW(t), 

t e K+, 

dX(t) =mdt + ^/ylt)dl3(t), 

where (W(t))teR + and (B(t))teM. + are independent standard Wiener processes and (y(0),X(0)) 
(0,0). 



Proof. By the proof of Theorem we have (pT2TD . By (f3T25l) and (13361) . for all n ^ 2 we have 

in 

and 



"ELi^i-(ELi^-i) 2 



JCLSE _ A " 2^=1 A i-1 ~ 2_^=1 2^=1 l A i ~ Aj_iJA^_i 

nEr=i^i-(Er=i^-i) 2 

Using (|3.20p . the continuous mapping theorem, by the same technique as in the proof of Theorem 
we get 

^CLSE 1N tiX(t)dX(t)-X(l)tiX(t)dt 

(3.30) n(7„ — 1) — > — g — as n ~ y °°j 

and 

(3.31) ^lse jc^ *(1) Jo 1 dt - Jo 1 X(t) dt Jl X(t) dX(t) ^ n ^ ^ 

tix{tfdt-(tix{t)dt' 



By Slutsky's lemma, we also have 7^ LSE — > 1 as n — > oo. Hence, by Taylor's theorem using also 
that 7^ LSE > 0, n G N (due to its definition given in (|3.23jl ). we have 

(3.32) e sE = - io g a CLSE ) = - io g a CLSE ) - iog(i) = -^a CLSE - 1), 
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where £ n is in the interval with endpoints 1 and 7^ . Since 7^ — > 1 as n — > 00, we have 

p 

£ n — > 1 as n — > 00, and hence using the decomposition 

1 



-71(7, 



CLSE 



1) 



n G N, 



Slutsky's lemma and (f3~30|) . we get (j3T28j) . 



Next we turn to prove (|3.29|) . For this, by (|3.23|) . (|3.3ip and by Slutsky's lemma, it is enough to 
check that 



e n dv 



1 as n — > 00. 



Since 



nCLSE 



dv = < 



2CLSE 



aCLSE 11 u n 7^ u i 

n 

1 if ^LSE = 0> 



by (|3.32p . for all e > we have 



P 



-e sE « d «-i 







>e = p 



1-7^ 



CLSE 



1 



2CLSE 



^ I P(^ LSE ^ 0) 



flCLSE 

+ P (|1 - 1| > e | ^ LSE = Oj P(^ LSE = 0) 

p(i^-ii^ie sE /o) p(e sE /o)Ao, 



since £ n — >• as n — > 00. 



□ 



3.5 Remark, (i) We remark that we do not consider the CLSE of 6 supposing that m is known 
since the corresponding extremum problem is rather complicated, and from statistical point of view 
it has less importance. 

(ii) Under the Condition (C), by Theorem 13.31 and Slutsky's lemma, we get #^ LSE converges stochas- 
tically to the parameter 6 = as n — > 00, and one can show that m^ LSE does not converge 
stochastically to the parameter m as n — > 00, see Appendix [Bl □ 



Appendix 



A The integrals in (E2) 

We check that the integrals in (|2.2p are well-defined, i.e., elements of C, under the conditions (v) 
and (vi) of Definition 12.21 For this, by decomposing a complex- valued function to real and imaginary 
parts, it is enough to verify that 

(A.l) / {f{x + 0- f(x) - (f'(x),0)xi M(dO < 00, 

JR+xR d 

(A.2) / {f{x + 0- fix) - (fL (*),&» m(dO < 00 

./]R + xR d 
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for all x = (x 1 ,x 2 ) G M+ x R d and real- valued / G C^(]R + x 

First we check (TO) . If x = (xi,x 2 ) G R+ x M d and (el + xM d with ||f || < 1, then, by (pETTD 
with = 1, 

i/(x+6-/(^-(/ , (x),oi = ^Kr(^+re)e,OK^iiriiooii^i 2 , 

where r = r(x,£) G [0, 1]. If x = (xi,x 2 ) G M+ x M d and ^K + xR d with ||f || > 1, then, by 
4231 with = 1, 

|/(x + - /(*) - </'(x),0| < |/(x + - /(x)| + |</'(x),0| = |</'(s + t0,0| + K/'(*U>I 

<2||/'|U||a, 

where r = r(x,£) G [0,1]. Hence 

/ (/(^+e)-/(^)-(r(x),o)^iMdo 

JR+xR d 

^ I \{f{x + 0- f{x)-{f'{xU)\x U x{dO 

■/{€eR+xR«*:||€||<i> 

+ / l(/(^ + 0-/(^)-(/'(^),0kiMde) 

J{eeM+xRrf:|j5||>l} 

<^ll/"IUa:i / ||e||V(d6 + 2||/'||ooX 1 / |[e|[ MdC) < oo, 

where the last inequality follows by assumption (vi) of Definition 12.21 

Next we check (TOD . If x = (xi,x 2 ) Gl+xl 11 and £ G R + x R d with ||f 2 || < 1, then, by 

dzm with ^ = 

|/(x + - f(x) - (f' {2) (x),&)\ = \f(x + - fix) - (f'(x),0 + (/((x),a)| 

^l\(n*+Tt)t,Q\+\(fi(ztei)\ 
^l\\f"\\ooU\\ 2 + \\mui, 

where r = r(x,£) G [0,1]. If x = (xi,x 2 ) £l + xl' i and ^l + xK d with ||f 2 || > 1, then, by 
422D with = 1, 

|/(x + - f{x) - (/ ( ' 2) (x),6)| = K/'(x + tO,0 - (/( 2) (^),6}| 

= \(fi(x + T£),Zi) + (/^(x + r0,6> - (/(' 2) (x),6)l 
<||/f||ocei + |(/( 2 )(^ + r0-/(2)(^)>6)l 

^ii/fiiooei + 2|i/ ( , 2) iiiie 2 |i, 

where r = r(x,£) G [0,1]. Using assumption (v) of Definition 12.21 the finiteness of the integral in 
(|A.2|) follows as for the integral in (jA.ip , 
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Having proved that the integrals in (|2.2p are well-defined, we check that under the conditions (v) 
and (vi) of Definition 12.21 one can rewrite (2.12) in Duffie et al. [11] into the form (|2.2p . by changing 
the 2-nd, (1 + d)-th coordinates of b G R + x R d and the first column of /3 G ]R( 1 + d ) x ( 1 + d ), 
respectively. More precisely, with the notations 



x(0 == (xi(0,---,Xi-w(0) and X(2)(£):=(X2(0,---.Xi+d(0). ^ G 



where 



'(lAlCfcl)^ if Ck^O, 

if £ fe = o, 

for all x = (x 1 ,x 2 ) eR+xR d and / G C 6 2 (M+ x R d ), we have 



l+d » 
(Af)(x)= Y ( (a iJ + a i jX 1 )fl' J (x) + {f , {x),b + l3x)+ / (/(* + £) - /(*) - (/L^Ua)) m(d£) 

(f(x + 0-f(x)-(f'(x),0)xiKdO 
= V(a i , i + a ij -x 1 )/^.(x) + (/'(x),6 + ^)+ / (f( x + ^-f( x )-(f ( x ), x ^))) m (dC) 

+ / (f(x + 0- f{x) ~ (f'(x), x(0))xi /x(d£), 

where 6= (&i,6 2 ) G K+ x M d and (3 = (ftj)JJfi G r(i+<*) * M with 

6i := 6i, 



b 2 :=b 2 + (X(2)(0-fcMdO, 

JR+xR d 

:= (A,i)i=i + / (X(0 - /*(<*), 



C«. .y=2,...,l+d ._ c« y=2,...,l+d 



Note also that there is another way for checking that the integrals in (|2.2p are well-defined under 
the conditions (v) and (vi) of Definition 12.21 Namely, using that the integrals in (2.12) in Duffie et al. 
|11| are well-defined, the assertion follows since 



/ (X(2)(0-6)m(d0 HEY/ (Xi(£)-&)"W 

iR + xR d \i=2 V^R+xR d / 

= (E ( f \&\l m >i } m(d0) ) < Vd [ ||e||l { ||e||> 1} m(dO < oo, 

\i=2 V-'R+xR d / / JR+xR d 



and similarly 



(x(o-OMde) 



< oo. 
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B On consistency properties of the LSE and CLSE of (9, m) 



Let us suppose that Condition (C) holds. Using Slutsky's lemma and Theorems 13,21 and 13,31 we get 
0^ SE and 6^ LSE converge stochastically to the parameter 9 = as n — > oo, respectively, and in 
what follows we show that m ESE and m^ LSE do not converge stochastically to the parameter m 
as n — > oo, respectively. For this it is enough to check that the weak limits of m ESE and m,^ LSE 
given in Theorems 13.21 and 13.31 do not equal to m almost surely, respectively. Since the weak limits 
in question are the same, we can give a common proof. First note that 

X(l) Q X(t) 2 dt - £ X(t) dt X(t) dX(t) 



(X(l) - m) £ X(t) 2 dt - ft m dt X(t) dX(t) - m £ X(t) dt 

Jlx{tfdt-(jlx{t)dt ' 



X(t) 2 dt J' d[X(t) - mt] - J, 1 X(t) dt Jl X(t) d[X(t) - mt] 



and hence 



X(l) Jj X(t) 2 dt - Jj X(t) dt X(t) dX(t) ajj 



if and only if 



J-f X{t) 2 dt [ d[X(t) - mt] - [ X(t)dt [ X{t)d[X{t) -mt] a = 0, 
Jo Jo Jo Jo 

where == denotes equality almost surely. Here J can be written in the form 

J ■ = jf X(sf d[X(t) - mt]j ds - X ( s )(^J o X{t)d[X{t) -mt]J ds, 



and hence 



E(J) = jf e(x(s) 2 d[X(t) - mt]j ds - J e(x(s)J X(t) d[X{t) - mt]j ds. 
Here (X(t) — mt)teR + = ( Jq V^( u ) dB(u) ) is a square integrable martingale (see the proof of 



tGK + 



PropositionESD and X(s) = ms + f° ^Jy{u) dB{u) for s G M+, thus, for all s G [0, 1], we have 



e(x(s) 2 J^ d[X(t)-mt] 



TTJ 



m 



s 2 E\^£ i/y(t)dl3(t) 7* j+2msE^jf V3^jdB(n)| 

] = 2ms / du, 



■7? 



+ E| | v/5^)dB(u)^ J^y/y^)dB(t) 
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where J 7 ^ denotes the <7-algebra generated by (y(u)) u ^\o t i]- For the last equality above, we used 
that conditionally on the cr-algebra J 7 ^ ', the stochastic process ^ /q \/y(u) dS(n)^ ^ ^ is a Gauss 
process with mean function identically and with covariance function 

(/* s fij \ psf\t 

J ^/y(u)dB(u) J ^/y{u)dB{u) J = y y{u)du, s,te [0,1], 

(for the mean and covariation function, see Karatzas and Shreve [241 formulas (3.2.21) and (3.2.23)]), 
and we also used that the third moment of a centered normally distributed random variable is 0. 
Similarly, for all s € [0, 1], we have 



1 ?i 

lEljf X(t)^/yJt)dB(t) 

J x{u)y{u) 



ms. 



E 



du 



T^j + E ^ ^/y{u) dB(u) jf 1 X(t)y/y$)tiB{t) 
E (X(u)y(u) I jf) du = m [ U y{u) du. 



7? 



Thus 



E \X{s) 2 J d[X(t) - mt]\ = 2ms J E{y(u)) du, 
e(x(s) X(t)d[X(t)-mt]j = m J Q uE{y(u))du. 



Consequently, 



E(J) = 2mJ^ sQf E(y(u))du^jd 



s — m 



l 

Vo 
l / r l 



uE(y{u))du ds 



= 2m J o (J sds ) ^(y(u))ds - mj {^j ds^j uE(y(u))du 

= m (1 — u) E(y(u)) du = ma / (1 — u)udu. 
Jo Jo 

Hence if then E( J) ^ 0, which clearly yields that J ==' is impossible. 

If m = 0, then E(J) = 0, and hence for proving P(J = 0) < 1, it is enough to show that 
E(J 2 ) > 0. Now J can be written in the form J = Ji — J 2 with 

Ji := / X(s) 2 ds [ dX(t), J 2 := f X(s)ds[ X(t)dX(t). 
Jo Jo Jo Jo 

Clearly, E(J 2 ) = E(jf) - 2E(J X J 2 ) + E(J|). Here Ji J 2 can be written in the form 



J1J2 



1 r l 



JO 



X{ Sl ) 2 X{s 2 ) / dX(t) 



X{t)dX{t) dsids 2 , 



32 



hence 



E{J l J 2 ) = J e(x( Si ) 2 X(s 2 )^ dX(t)^j (J X(t)dX{t)Y\dsids 2 . 
If 8i,8 2 € [0,1], then, by (pTH1) . 

E ^( Sl ) 2 ^(s 2 ) d#(f)) N X(t)dX{t)\ 

= I E ^( Sl ) 2 Af( S2 )^(l) ^(l) 2 - jf 1 y(s) ds 



77^ 



^1 



= iE(*(si) 2 #(a 2 )*(l) 3 
= iE(A'( Sl ) 2 ^( S2 )A'(l) 3 



jrfj - I E f #( Sl ) 2 #(a 2 )*(l) 3;( s ) ds 



Ks)ds E ^( Sl ) 2 Af( S2 )^(l) 



0> 



Similarly to the proof of Proposition 13. H one can check that conditionally of J-^, the process (Xt)te[0,i\ 
is a centered Gauss process (especially having independent increments). Hence if si,s 2 E [0, 1] with 
si ^ s 2 , then 



E(X( Sl f 



J*) +AM(X( Sl f(X(82)-X( Sl )f 



Tn+E[x( Sl f(x(i)-x(s 2 )y 



+ 4E [X( Sl ) 5 (X( S 2)-X( Sl )) 



J* )+3E(X( Sl f(X(l)-X(s2)) 



+ 6E[X(s 1 )\X(s 2 )-X(s 1 )f 



F?)+3E(X( Sl )\X(l)-X(82)f 



TTJ 



+ 6E X( Sl ) 3 (X(s 2 ) - X( Sl ))(X(l) - X{s 2 )f 



T y 



3E X( Sl ) 3 (X(s 2 ) - X( Sl ))\X(l) - X(s 2 )) 



TTJ 



+ 9E A-( Sl ) 4 (A-( S2 ) - X( Sl ))(X(l) - X(s 2 )) 



JpA +E^X(s 1 ) 2 (X(s 2 )-X(s 1 )y 



+ E X{ Sl ) 2 {X(s2) - X( Sl ))(X{l) - X{s 2 )f 



T y 



+ 3E X{ Sl f{X(s2) - X{ Sl )f{X(l) - X{s 2 )f 



T y 



+ 3E X{ Sl f{X{s2) - X{ Sl )f{X{l) - X{s2)) 



y 



+ 6E X( Sl f(X(s 2 ) - X{ Sl )) 2 {X(l) - X(s 2 )) 



T y 
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Using that X has independent increments and that the odd moments of a centered normally dis- 
tributed random variable are 0, if si,S2^[0, 1] with s\ ^ s 2 , then 



e [x{ Sl fx{s 2 )x(iy 



EU( Sl ) f 



tA + 6E (*( Sl ) 4 tA E ((X(s 2 ) - X( Sl )f 



+ 3E X(si) 



)E\X(1) -X(s 2 )f 



+ E X{ Sl f 



) E I (X(s 2 ) - X( Sl )y 



3E X( Sl f 



.7?) El (X(s 2 )-X( Sl )f 



^)E[(X(1)-X(s 2 )f 



15 (/ 1 y ^ dU ) + 18 (/ 1 y ^ dU ) (J s 2y ^ dU 
+ 9 (/ 1 ^ dU ) (/ 37(U) + 3 (/ 1 ^ dU ) (/ 2 ^ dU ) 



+ 3 1 y(u) duj Qf 2 duj ^ du 
One can also check that if si,S2 £ [0, 1] with s\ ^ s 2 , then 



E *(si) 2 #(s 2 )#(l) 



) = E ( X( Sl ) 



?A + E^X(s 1 ) 2 (X(s 2 )-X(s 1 ))' 



*2 



3 1 i sl y(u)di?J + (^J* 1 y(u)du^j (J y{u)du). 



Hence if s±,s 2 E [0,1] with s± ^ S2, then 
E (x( Sl fX(s 2 ) ( jf dX(t)j(J X{t)dX(t) 



fSi \ 3 / (-si \ 2 

6( / y(«)du) +71 / y(u)du 

'o / Wo / ysi 



^ 2 du) + 3 Q 1 3>(u) du^) Qf du 



^(u) du 



«2 \ 2 / /"Sl 

y(tt) du + / ^(u) du 



*2 



du) ( y(u) du 



Similar expression hold in case of si,s 2 £ [0,1] with s± ^ s 2 , we have to change s\ by s 2 . 
Moreover, J 2 can be written in the form 

Jl = J* jf * X( Sl ) 2 X(s 2 ) 2 (J* d*(t)) d Sl ds 2 , 
E(J X 2 ) = £ j\(x( Sl ) 2 X(s 2 ) 2 (J* dX(t)\ j d Sl ds 2 . 



hence 
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If s\,S2 G [0,1] with si ^ s 2 , then 

E ^( Sl ) 2 *( S2 ) 2 Qf * dX(t)j T^j = E (*( Sl ) 2 *( S2 ) 2 *(l) 2 I F y ) 

= E (X (si) 6 | Jf) + E (^( Sl ) 4 | J*) E ((*(1) - X{s 2 )f | J* 
+ 6E (*( Sl ) 4 | Jf) E ((*(s 2 ) - X( Sl )f | J? 
+ E {X( Sl f | ) E ((#(* 2 ) - X( Sl )) 4 | J? 

+ E (*( Sl ) 2 | F y ) E ((X(s 2 ) - X( Sl )) 2 | ) E ((AT(1) - *(s,)) 2 | 7* 



A'2 



'0 / Vsi 



/S2 \ 2 / /-si 

3^(w)dnj + (j y( 



u) du 



A' 2 



du 



•si 



y(u) du . 



*2 



Similar expression hold in case of si,s 2 G [0,1] with si ^ s 2 , we have to change s\ by s 2 . 
Furthermore, using (|3.14p . j| can be written in the form 




- - J j *(*l)*(* 2 ) ( Af(l)< 



hence 



y ^(u)dn^ dsids 2 , 
HJh = \f Q f Q ^ [ X ( s i)^( s 2) (^(l) 2 - y 1 du) ) dsi ds 2 . 



Here if si,s 2 G [0, 1] with s\ ^ s 2 , then we have 



y{u) du 



E L*(si)*(a 2 ) (^(l) 2 - £ 
= E f#(si)#(s 2 )#(l) 4 

y(u)dv) e(x{ Si )x{ S2 ) 



y 



+ 



'0 /V 
where, using the arguments as above, one can check that 



T y 



2 1 / y(u)du\ E (x{ Sl )X(s 2 )X{lf 



.Fl 



y 



E[x( Sl )x(s 2 )x{iy 



E ^(si) e 



J?) +5E[X( Si nX(s 2 )-X( Sl )y 



T{ +E[X( Si nX(l)-X(s 2 )Y 



T y 



+ 10E X(si) 4 (X(s 2 ) - X( Sl ))< 



F y )+QE[X{ Sl )\X{l)-X{s 2 )f 



y 



+ 18 E ^( Sl ) 2 (^(s 2 ) - Af( Sl )) 2 (^(l) - Af(s 2 )) 2 



T y 
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/ fSl \ 3 / psi \ / I-S2 \ 2 / rsi 

15 (j ^(u)dnj + 15(j y(u)duji^J y{u)duj + 3 (J y{u)du 



y{u)du) 



«2 



Sl 

[ / 3>(«)du 

si 



^(u) du 



y(u)du\ / 3>(u)du) , 

SI / \JS2 



and 



E ( X(si)X(s2)X{iy 



( Af( Sl ) 4 tA + 3E ^( Sl ) 2 (^(s 2 ) - X{s{j) 
1 ^(tt) du 



y 



Sl 



+ 3^ r^Hdn)) / y(u)duJ + (J ^(u) duj (J y(u) du ) , 



and 



EU( Sl )%) 



) = E( AT(si) 



si 



3>(u) du. 



Hence, by an easy calculation, if s\,S2 G [0, 1] with s\ ^ S2, then 

2 

y(u) du ' 



E ^( Sl )^(s 2 ) ^(l) 2 - y^ 1 

+ 12 QT 1 du) y(u) du) + 2 1 W du ) W du 



\ 2 / /-si \ 2 

y(u)duj + 20(J ^(u)du 



S'2 



y{u) du 



Sl 



+ 12 / y(u)du / y{u)du) / y(u)du 



Similar expression hold in case of s\,S2 G [0, 1] with s\ ^ s 2 , we have to change s\ by S2- 
Hence if Si,S2 G [0, 1] with si ^ S2, then we have 

E (x{s x fX{s 2 f d#(t)) - 2^(s 1 ) 2 A , (s 2 ) dX(t)j X(t)dX{t) 



+ ^( S1 )^( S2 ) (x{lf - y^ 1 



TTJ 



J 



11 



1 du) + 9 f / 1 y(ti) du) ^ 2 3>(u) du) + \[J^ d ^ 



+ 



1 



Sl 



du 





3>(u) du) + 2 f / 1 du 



s 2 \ 2 

y{u) du 



Sl 



S2 







S'l 



3>(u) du / ^(tx) du , 



S'2 
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and a similar expression hold in case of s\,S2 £ [0, 1] with s\ ^ s 2 , we have to change s\ by s 2 - 
Then 

E(J 2 ) = E(jf) - 2E(Ji J 2 ) + E(J|) 

1 /"^ / 11 / f Sl ^ S2 \ ^ / f s l^ s 2 \ 2 / /"SiVS2 



^0 \ 2 \Jo / V^O / V^siAs 2 



3>(u)duJ + 9 (J 3>(«)d 

-iAs 2 / Z WO 

+ 2 1 / y(u)du / 3^(n)du / ^(u)dn dsids 2 

V^O / \Jsxf\S2 J \JsiVS2 J J 



+ -( y(u)du)( y(u)du +- / 3>(u)du)(/ }>(u)du 



>o, 

where for the last inequality we used that 



E / y(«)d« / Hu)du / }>(u)du >0, i,j,fc€ {0,1,2,3}, 

which follows by a £ and that P(Yj for all i ^ 0) = 1. Consequently, we conclude 

E( J 2 ) > 0, which clearly yields that J & = is impossible. 
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